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Introduction

® [ntegration is frequently encountered when solving problems and calculating
quantities in engineering and science.

® One of the simplest examples for the application of integration is the
calculation of the length of a curve.

I = When a curve in the z-y plane is given by

y=£(x) the equation y = f(z), the length L of the
curve between the points xr = a and x = b
is given by:
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Background

m The general form of a definite integral (also called an antiderivative) is:

/f

where f(z), called the integrand, is a function of the independent variable z,
and a and b are the limits of the integration (definite integration).
71 _ ® The value of the integral I(f) is a number when
y=fx)
a and b are numbers.

® Graphically, the value of the integral corresponds
1) to the shaded area under the curve of f(x)
- between a and .
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Need for numerical integration

m The integrand can be an analytical function or a set of discrete points
(tabulated data).

m When the integrand is a mathematical expression for which the antiderivative
can be found easily, the value of the definite integral can be determined
analytically.

® Numerical integration is needed when analytical integration is difficult or not
possible, and when the integrand is given as a set of discrete points.
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Numerical Integration Approach

m |f the integrand f(z) is an analytical function, the numerical integration is
done by using a finite number of points at which the integrand is evaluated.

® One strategy is to use only the end points of the
vh interval, (a, f(a)) and (b, f(b)).
y=/t) m This, however, might not give an accurate
Jptls enough result, especially if the interval is wide
.- and/or the integrand varies significantly within
the interval.

»
F/{ I(f) m Higher accuracy can be achieved by using a
a b composite method where the interval [a, b] is
divided into smaller subintervals.
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Numerical Integration Approach

m The integral over each subinterval is calculated, and the results are added
together to give the value of the whole integral.

® |n all cases, the numerical integration is carried out by using a set of discrete
points for the integrand.

m When the integrand is an analytical function, the location of the points within
the interval [a, b] can be defined by the user or is defined by the integration
method.

® When the integrand is a given set of tabulated points (like data measured in
an experiment), the location of the points is fixed and cannot be changed.
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Numerical Integration Approach

m Various methods have been developed for carrying out numerical integration.

® |n each of these methods, a formula is derived for calculating an approximate
value of the integral from discrete values of the integrand.

m The methods can be divided into two groups

O open methods and
O closed methods.
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Numerical Integration Approaches
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Numerical Integration Approach

® In numerical methods, a formula is derived for calculating

Y ﬁi‘;;‘iition / an approximate value of the integral from discrete values
meﬂlj’ﬁ,/: of the integrand.
/T/I I ® |n closed integration methods, the endpoints of the
! (1) ! x interval (and the integrand) are used in the formula that
b

a estimates the value of the integral.
Y+ Open 0 Trapezoidal method
integration 0 Simpson's method
meflfi"/i ® |n open integration methods do not include the end
i I1(f) ! points in the formula.
l L X o Midpoint method
a b 0 Gauss quadrature
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An another approach for integration

m There are various methods for calculating the value of an integral from the set
of discrete points of the integrand. Most commonly, it is done by using
Newton-Cotes integration formulas.

m When the original integrand is an analytical function, the Newton-Cotes
formula replaces it with a simpler function.

® When the original integrand is in the form of data points, the Newton-Cotes
formula interpolates the integrand between the given points.

® Most commonly, as with the trapezoidal method and Simpson's methods, the
Newton-Cotes integration formulas are polynomials of different degrees.
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Numerical Integration Approaches
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An another approach for integration

m The approach for integration is to curve-fit the points with a function F(z)
that best fits the points (the function f(z) is must be specified as discrete
points).

= In other words, f(z) ~ F(x), where F(z) is a polynomial or a simple function
whose antiderivative can be found easily. Then, the integral is evaluated by
direct analytical methods from calculus.

f(f):/abf(x)dm/:ﬂx)dx

® This procedure requires numerical curve fitting
methods for finding F'(z), but may not require a
numerical method to evaluate the integral if F'(z) is
an integrable function.
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Numerical Integration Approaches
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Rectangle and midpoint methods

® Rectangle method

Hﬁz/f@m:f@@—w

b
or uﬁz/f@mzﬂwmm

m Composite rectangle method

I(f)
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Numerical Integration Approaches
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Rectangle and midpoint methods

= Midpoint method

- [ e (232

m Composite midpoint method

y

. =
b N ](x XNH)
X +QZ;+1 i
I(f) = f(x)dmhzf( — ) )
a i=1 2 j(xl"’xz)_
2
I
L X
X, X3 X xlelt
x=a Xyu=b
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Trapezoidal method
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Trapezoidal method

® A refinement over the simple rectangle and midpoint methods is to use a
linear function to approximate the integrand over the interval of integration.
m Newton's form of interpolating polynomials with two points = a and = = b,

yields:
f(z) = f(a)+ (x —a)fla,b] = f(a) + (z — G)W
Yh y=fx)
Ab) e SO we can write
//=% b-a)(A(b) - fla b _ta
Wl (b-a)( A1) - @) 1= | (f(a)+(m_a)W) i
-Area
| faxe-a = f(a)(b—a) + %[ £b) — F(@)](b— a)
X
a b [f(a) + f(b)]
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Trapezoidal method
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Trapezoidal method

= Simplifying the result gives an approximate formula popularly known as the
trapezoidal rule or trapezoidal method.

Y y=f(x)\_
SO == Area . . .
| =L(b-a)(Ab) - fla) m As with the rectangle and midpoint
fla) methods, the trapezoidal method can
A b be easily extended to yield any
x desired level of accuracy by
a b

subdividing the interval [a, b] into
subintervals.
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Trapezoidal method
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Composite Trapezoidal

m The integral over the interval [a, b] can be evaluated more accurately by
dividing the interval into subintervals, evaluating the integral for each
subintervals (with the trapezoidal method), and adding the results.
(subintervals have identical width h)

b 1 N
= / f(z)dz ~ 3 2 [f (@) + f (ig1)] (i1 — x4)

’ h&

A , ~ 3. f(@ig1) + f (23)]

ez i I(f)~NJg[f(a)+2f(xz)+2f(x3)+...+2f(xN)+f(b)]
, PR b I(f) ~ 51f(a) + F(B)] + ; f ()
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Trapezoidal method
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Question: Consider f(x) = 2 + sin(2y/z). Use the composite trapezoidal
rule with 11 sample points to compute an approximation to the integral of
f(z) taken over [1,6].
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Trapezoidal method
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Simpson’s methods

m The trapezoidal method described in the last section relies on approximating
the integrand by a straight line. A better approximation can possibly be
obtained by approximating the integrand with a nonlinear function that can be
easily integrated.

® One class of such methods, called Simpson'’s rules or Simpson’s methods, uses

0 quadratic (Simpson’s 1/3 method), and
0 cubic (Simpson's 3/8 method)
polynomials to approximate the integrand.

Dr. Kundan Kumar Numerical Methods (MTH4002)




Simpson’s methods
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Simpson's 1/3 Method

= In this method, a quadratic (second-order) polynomial is used to approximate
the integrand.

m The coefficients of a quadratic polynomial can be determined from three
points.

= For an integral over the domain [a, b], the three points used are the two
endpoints z; = a, 23 = b, and the midpoint x5 = (a + b)/2.

® The polynomial can be written in the form:

p(x) =a+f(x—a)+7y(@—a)(r— )

where «, 3, and v are unknown constants evaluated from the condition that
the polynomial passes through the points, p(z1) = f(z1), p(x2) = f(x2), and
p(xs) = f(x3).
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Simpson’s methods
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Simpson's 1/3 Method

m These conditions yields

a=f(x1)
B=1[f(x2) = f(x1)] / (x2 — 21)

_ [ (wg) —2f (22) + f (1)
2(h)?

where h = (b —a)/2
m Substituting the constants back and integrating p(x) over the interval [a, b]
gives

= [ f@des [ ple)dn = 5 1F o)+ 4f () + f ()

~ 5 [r@+ar (452) + o]
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Simpson's 1/3 Method

y
L =Ry . b
p(x) _h a+
AP\ {1‘3 o (557)+ “”H
h h pe

m The name 1/3 in the method comes from the fact that there is a factor of 1/3
multiplying the expression in the brackets.

m As with the rectangular and trapezoidal methods, a more accurate evaluation
of the integral can be done with a composite Simpson's 1/3 method.
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Simpson's methods
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Composite Simpson’s 1/3 method

® The whole interval is divided into small subintervals. Simpson’s 1/3 method is
used to calculate the value of the integral in each subinterval, and the values
are added together.

i S
flxs) Sfxs) ) Eb)
foe) | S l 1
o b 2
\ fx)
It e i
LI I 1,
hl hi hl h hl h hih 5
Lt Xia Xi Xin Xy-1 Xy
xX=a Ayn=b
h N N-1
I(f) g [fla)+4 > fl)+2 Y flag)+0)
i=2,4,6 7=3,5,7
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Simpson’s methods
0000®

Composite Simpson's 1/3 method

® |t is important to point out that previous equation can be used only if two
conditions are satisfied:
O The subintervals must be equally spaced.
0 The number of subintervals within [a, b] must be an even number
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