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Introduction to Interpolation
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Interpolation

1st degree polynomial
$=0.667x+1.333

$=0.0365x3-0.979x2+5.15x-2.39

3rd degree polynomial

5 10 15

y=-0.167x2+3x-0.833
2nd degree polynomial

5 10 15
X

=-0.0103x4+0.3x3-2.86x2+10.19x-5.62

4th degree polynomial

5 10 15
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m [nterpolation is a
procedure for estimating
a value between known
values of data points.

® |t is done by first
determining a polynomial
that gives the exact value
at the data points, and
then using the polynomial
for calculating values
between the points.
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Interpolation vs. Curve Fitting

= Curve fitting

0 A procedure in which a mathematical formula (equation) is used to best fit a
given set of data points.

0 The objective is to find a function that fits the data points overall.

0 This means that the function does not have to give the exact value at any single
point, but fits the data well overall.

m Interpolation

0 A procedure for estimating a value between known values of data points.

0 Done by first determining a polynomial that gives the exact value at the data
points, and then using the polynomial for calculating values between the points.

O Interpolation passes through all the selected data points.

O Interpolation works best when the data points have no error in them.
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Interpolation

® Interpolation with a single polynomial gives good results for a small number of
points.

® For a large number of points the order of the polynomial is high, and although
the polynomial passes through all the points, it might deviate significantly

between the points. . . . :
= Consequently, interpolation with a single

12 . . .
1ol 10th degree polynomial polynomial m|_ght not be appropriate for a large
X number of points.

> 6 m For a large number of points, better interpolation
4 can be done by using piecewise (spline)
2 interpolation in which different lower-order
T e s 10 12 polynomials are used for interpolation between

X different points of the same set of data points.
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Interpolation and Extrapolation

® Sometimes the data points are used for estimating the expected values
between the known points, a procedure called interpolation,

m For predicting how the data might extend beyond the range over which it was
measured, a procedure called extrapolation.

F'y

Extrapolated, D a

Measured, B

Interpoloted, C

Measured, A

-
-

X
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Standard Interpolation
°

Interpolation

= For a given set of n points, only one (unique) polynomial of order m
(m =n — 1) passes exactly through all of the points.
® The polynomial, however, can be written in different mathematical forms.
m Three forms of polynomials are
o Standard,
O Lagrange, and
0 Newton's
® Standard form of an mth-order polynomial is:

f(l') = amxm + amflxm_l +...+tamx+a

m The coefficients in this form are determined by solving a system of
n = (m+ 1) linear equations. (already discussed in curve fitting)
m Even though the high-order polynomial gives the exact values at all the data

points, it cannot be used reliably for interpolation or extrapolation.
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Lagrange Interpolating Polynomials
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Lagrange Interpolating Polynomials

m Lagrange interpolating polynomials are a particular form of polynomials that
can be written to fit a given set of data points by using the values at the
points.

® The polynomials can be written right away and do not require any preliminary
calculations for determining coefficients.

m Lagrange polynomials

O First-order Lagrange polynomial

0 Second-order Lagrange polynomial
0 General form of an (n — 1) order Lagrange polynomial
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First order Lagrange polynomial

B For two points, (x1,y1), and (x2,ys2), the first-order Lagrange polynomial that passes
through the points has the form:

(f@) =y = ai(e — 2) + az(w —x1)]

B Substitute the two point in the above equation

Sfx) (x-x;) (x-x;) =ay (2] —2 as (x1 — 2 ora; = —£L
A o= = xzz) +(x2-x:)yz h 1(21 = 22) + az (21 — 1) ! (@1 2)
ygzal(Ig—J?g)—l—aQ(l‘g—Il) oragzm

) ()fz' ¥) B Substitute a; and as back
i (- x9) (z — 1)
(xliyl) ! L f(x) - (l‘1 _x2)y1+ (x2_x1)y2}
i
i
i

— T — T
= f(z) = (Yo yl)ﬂ?—‘r 2Y1 1Y2

A A

(z2 — 1) (z2 — 1)
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Second-order Lagrange polynomial

» For three points, (z1,v1), (22,y2), and (x3,ys3), the second-order Lagrange
polynomial that passes through the points has the form:

[f(x) =y=a1(r— z2) (x—a:g)—i—ag(:c—xl)(m—m3)+a3(x—m1)(x—x2)}

® Once the coefficients are determined such that the polynomial passes through
the three points, the polynomial (quadratic form) is:

(z — z2) (z — x3) o (z — 1) (v — x3) o (z —z1) (x — 22)

fe) = (z1 — 22) (71 — x3) (z2 — 1) (22 — 3) (a3 — 1) (w3 — )"
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Second-order Lagrange polynomial

® When the coordinate x1, x2, or x3 of one

 exp)(xxy) (x-x,)(x-x3) of the three given points is substituted in
= G =y 1 o)) 7 2 previous equation, the value of the
(Ge-x )x-xy) polynomial is equal to 71, ¥, or y3
+ L 3 ’ 1 1
ﬂx)‘ (x)05x) respectively.

m This is because the coefficient in front of
the corresponding ¥; is equal to 1 and the
coefficient of the other two terms is equal
to zero.

m The equation can also be rewritten in the
standard form f(x) = byx® + byx + by.
- (You can easily derive this standard form)
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General form of Lagrange polynomial

m The general formula of an (n — 1) order Lagrange polynomial that passes

through n points (z1,41), (%2,42), ... , (Tn,Yn) is
o) = (x —x2) (x —x3)... (. —2p) (x—21) (x—23)... (. —2p)
f@) = (1 — 22) (1 — 23) ... (1 — Zp) ! (xg—zl)(xQ—xg)...(xg—xn)y2+
(x—x1)(x—22) ... (x —2-1) (& —mijy1) ... (x — 2, S
(i —z1) (s — T2) ... (T — 1) (T — Tig1) -+ - (T — )"
x—ax1)(r—22)... (T —Xp_
(Tn — 1) (T —T2) - - - (T, — Tp—1) "
(1)

=2 k@) =3 u H = @

where L;(x) = HT}? (S’i“;_)) are called the Lagrange functions.
G \Ti—Tj
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Conclusive remarks

m The spacing between the data points does not have to be equal.

® For a given set of points, the whole expression of the interpolation polynomial
has to be calculated for every value of z. In other words, the interpolation
calculations for each value of x are independent of others. used for calculating
different values of x.

® |f an interpolated value is calculated for a given set of data points, and then
the data set is enlarged to include additional points, all the terms of the
Lagrange polynomial have to be calculated again.

® As discussed in next topic, this is different from Newton's polynomials where
only the new terms have to be calculated if more data points are added.
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Example

Example: The set of the following five data points is given:

x| 1|12 4|5 |7
y|[52|5|-5]-40 | 10

1. Determine the fourth-order polynomial using Lagrange interpolation
form that passes through all the points.

2. Use the polynomial obtained in part (a) to determine the interpolated
value for x = 3.
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Newton’s Interpolating Polynomials

Dr. Kundan Kumar Numerical Methods (MTH4002)




Newton's Interpolation
0®000000000000

Newton's Interpolating Polynomials

m Newton's interpolating polynomials are a popular means of exactly fitting a
given set of data points.

= The general form of an (n — 1) order Newton's polynomial that passes
through n points is:

[f(x) =atax(z—xz1)tas(z—z1)(x—22) + ... +an(z —z1)(® —22) ... (T — xn_l)J

® The special feature of this form of the polynomial is that the coefficients a;
through a,, can be determined using a simple mathematical procedure.

m Determination of the coefficients does not require a solution of a system of n
equations.

= Once the coefficients are known, the polynomial can be used for calculating an
interpolated value at any =x.
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Newton's Interpolating Polynomials

® Newton's interpolating polynomials have additional desirable features that
make them a popular choice.

0 The data points do not have to be in descending or ascending order, or in any
order.

O Moreover, after the n coefficients of an n — 1 order Newton's interpolating
polynomial are determined for n given points, more points can be added to the
data set and only the new additional coefficients have to be determined.
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First-order Newton's polynomial

= For two given points, (x1,y;) and (z9,ys), the first-order Newton's polynomial
has the form:

f(x) =a; + as(x — x1)
It is an equation of a straight-line that passes through the points.

O The coefficients a1 and as can be calculated by

Y4 f=artaex) considering the similar triangles
Y2
DE _AB = f@)-y _p-n 3)
J) CE CB’ T — T Ty — T1
— 1
N f@) =y + 27 @) (4)
: To — X1
‘ > y2 =y
X1 X X, ay = Y1, and ap = ﬁ (5)
2 — 41
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Second-order Newton's polynomial

B For three given points, (z1,41), (x2,¥y2), and (z3,y3), the second-order Newton's
polynomial has the form:

f(z) =a1 +az(x — x1) + ag(z — z1)(z — 2)
It is an equation of a parabola that passes through the three points.

Sx)=a,tay(x-x)) B The coefficients a1, a2, and ag can be determined by
Y +a, (X-x, J(X-x,) substituting the three points in above equation.

B Substituting = x; and f(z1) = y1 gives: a1 =1
B Substituting the second point, x = x5 and f(x2) = ya,

(and ) in above equation gives:

Y2 — U1
Y2 =91 +az(z2 —xy) or |G2= To — T1 (6)
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Second-order Newton's polynomial

B Substituting the third point, x = x5 and f(z3) = y3 (as well as a1 = y; and ay = "0
To — X1
in f(x) that gives:
Y2 — Y1
ys=y1 + (v3 — @1) + ag (w3 — 1) (23 — 22) (7)
To — X1
Above equation can be solved for az and rearranged to give (after some algebra):
Ys —Y2 Y2~ U1
T3 — To To — 1 (8)

a fr—
’ (z3 — 1)

B The coefficients a1, and ay are the same in the first-order and second-order polynomials.
This means that if two points are given and a first-order Newton's polynomial is fit to pass
through those points, and then a third point is added, the polynomial can be changed to be
of second-order and pass through the three points by only determining the value of one
additional coefficient.
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Third-order Newton's polynomial

B For four given points, (x1,%1), (z2,y2), (z3,y3) and (x4, y4), the third-order Newton's
polynomial that passes through the four points has the form:

fl@)=y=a1+az(x—ax1)+az(x—21)(x —x2) + a4 (v —21) (x —x2) (x —23) (9)

B The formulas for the coefficients a1, as, and a3 are the same as for the second order
polynomial. The formula for the coefficient ay can be obtained by substituting (x4, y4), in
Eq and solving for a4, which gives:

Ya—Ys Y3 — Y2 Ys —Y2 Y2 Y1
Ty — T3 Tr3 — T2 _ dbgy = dbo) T2 — X1
(x4 —22) (z3 — 1)
(T4 — 1)

(10)
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A general form of Newton's polynomial and its coefficients

Q)
[ e
X N ~ , as
S [x %] | a,
E2) Y2 < > S [x3, Xy x1] \ | as
f [x39 X,] f [x4, X35 X5 x] |
X3 Y3 <: > f [.X'4, x3a xz] < > f [x59 x4a X35 X3, xl]
f[x4 x3] \ / f[XSa x4a X35 x2]
X4 Y4 < S [xs, x4 x3]
/ S x5 x4] /
Xs Ys
L ] L ] 1 ] 1 ] 1 ]
Data Points First divided Second divided Third divided Fourth divided
difference difference difference difference
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A general form of Newton's polynomial and its coefficients

® There is common pattern in all equations that can be clarified by defining so
called divided differences.

= For two points, (z1,y1), and (z2,y9), the first divided difference, written as
flz2,x1], is defined as the slope of the line connecting the two points:

Y2 — U
- — 11
flaa, 1] vy, 02 (11)

m The first divided difference is equal to the coefficient as.
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A general form of Newton's polynomial and its coefficients

m For three points (z1,y1), (z2,y2), and (x3,ys3) the second divided difference,
written as fx3, xo, x1], is defined as the difference between the first divided
differences of points (z3,y3), and (z2,y2), and points (x2,y2), and (x1,y;)
divided by (z3 — z):

Ys—Y2 YU
f [ZL‘3,$2] - f [1‘2, l’ﬂ T3 — Xy Lo — X1 (12)

f e a2 = T3 — 21 - (z3 — 21) -

m The second divided difference is thus equal to the coefficient as.
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A general form of Newton's polynomial and its coefficients

B For four points (x1,y1), (z2,y2), (3,y3), and (24, y4) the third divided difference, written
as flzy, a3, T2, 21], is defined as the difference between the second divided differences of
points (x2,y2), (z3,y3) and (24,v4), and points (x1,y1), (22,y2), and (x3,y3) divided by

(w4 = 20): fleg, xg, 5] — flas, w9, 24]
f[z4ax37x27x1] - T4 — 11
flea,ws] = fles o] fleg,@0] = flze,24]
— L4 — T2 L3 — I
(24 — 1)

Ya—Ys Y3 — Y2 Y3 —Y2 Y2~
L4 — T3 L3 — T2 T3z — T2 Lo — 21
_ T4 — Ty T3 — T .
(x4 — x1)
B The third divided difference is thus equal to the coefficient ay.
B |f more data points are given, the procedure for calculating higher differences continues in
the same manner.
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A general form of Newton's polynomial and its coefficients

® In general, when n data points are given, the procedure starts by calculating
(n — 1) first divided differences.

m Then, (n — 2) second divided differences are calculated from the first divided
differences.

= This is followed by calculating (n — 3) third divided differences from the
second divided differences. The process ends when one nth divided difference
is calculated from two (n — 1) divided differences to give the coefficient a,,.

= In general terms, for n given data points, (x1,41), (z2,%2), ... , (Tn,Yn) , the
first divided differences between two points (z;,y;), and (z;,y;) are given by:

Yi — Yi
f[ajjaxi] = ﬁ (13)
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Notes about Newton's polynomials

m The spacing between the data points do not have to be the same.

® For a given set of n points, once the coefficients a; through a,, are determined,
they can be used for interpolation at any point between the data points.

m After the coefficients a; through a,, are determined (for a given set of n
points), additional data points can be added (they do not have to be in
order), and only the additional coefficients have to be determined.
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Example: The set of the following five data points is given:

X

1

2

5 | 7

y

52

5

-5

-40 | 10

difference table.

value for z = 3.

1. Determine the fourth-order polynomial in Newton's form that passes
through the points. Calculate the coefficients by using a divided

2. Use the polynomial obtained in part (a) to determine the interpolated

Dr. Kundan Kumar
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