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Introduction

� Goal is to use input to predict outputs.
� Inputs are measured or preset
� Inputs have some influence on one or more outputs

� In statistics, the term inputs and predictors will be used interchangeably.

� We call it independent variable in more classy way.

� In pattern classification we call it features.

� Outputs are called responses or the dependent variable.
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Variable Types
� Output/Target can be

� quantitative (numerical values)
� qualitative (categorical values, factor, discrete variables)

� Two class: {0, 1} or {−1, 1}
� Multiclass: dummy variable, K-level qualitative variable represented by k-bits.

� Examples of categorical variable
� Iris discrimination

� Species of Iris, G = {V irginia, Setosa, and V ersicolor}
� Handwritten digit recognition

� Output is one of 10 different digit classes: G = {0, 1, . . . , 9}

� There is no explicit ordering in the classes.
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Variable Types

� Based on these, naming convention for prediction tasks
� Regression, when we predict quantitative outputs.
� Classification, when we predict qualitative outputs.

� Input may also vary in measurement type: qualitative and quantitative
variable.

� Third variable: ordered categorical. Ex - small, medium, large
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Statandard Notations

X =




x11 x12 . . . x1p
x21 x22 . . . x2p

...
...

. . .
...

xn1 xn2 . . . xnp




n : number of distinct data points/observations
p : number of variables available for making predictions
xij : jth variable for the ith observation, where i = 1, 2, . . . , n and j =

1, 2, . . . , p
i : index for samples / observations
j : index for variables
X : denote a n× p matrix whose (i, j)th element is xij
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Statandard Notations
xi : ith row of X having length p, [xi1, xi2, . . . , xip]

T , ith observation
xj : jth column of X having length n, [x1j, x2j, . . . , xnj]

T , jth variable

X =
(
x1 x2 · · · xp

)
X =




xT1
xT2
...
xTn




The T notation denotes the transpose of a matrix or vector.

XT =




x11 x21 . . . xn1
x12 x22 . . . xn2

...
...

...
x1p x2p . . . xnp


 xTi =

(
xi1 xi2 · · · xip

)

7/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)



Introduction Statistical Learning Estimate f Least Square Method Nearest-Neighbor Method Model accuracy References

Standard Notations
yi : ith observation of the variable
y : set of n observation in a vector form

y =




y1
y2
...
yn




� Then {(x1, y1) , (x2, y2) , . . . , (xn, yn)} is a set of observed data.

� A vector of length n will always be denoted in lower case bold, e.g. x.

� A vector of length p will be denoted in lower case normal/italic font, e.g. x

� Scalars will also be denoted in lower case normal font, e.g. a.
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Standard Notations
� Matrices will be denoted using bold capitals, such as A.
� Random variables will be denoted using capital normal font, e.g. A, regardless

of their dimensions.
� To indicate that an object is a scalar, we will use the notation a ∈ R.
� To indicate that it is a vector of length k, we will use a ∈ Rk (or a ∈ Rn if it

is of length n).
� We will indicate that an object is a r × s matrix using A ∈ Rr×s

� Suppose that A ∈ Rr×d and B ∈ Rd×s. Then the product of A and B is
denoted as AB and (i, j)th element is

(AB)ij =
d∑

k=1

aikbkj
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Statistical learning problem

� Suppose that we are statistical consultants hired by a client to provide advice
on how to improve sales of a particular product.

� It is not possible for our client to directly increase sales of the product. They
can control the advertising expenditure in each of the three media (TV, Radio,
and Newspaper).

� Therefore, if we determine that there is an association between advertising
and sales, then we can instruct our client to adjust advertising budgets,
thereby indirectly increasing sales.

� Our goal is to develop an accurate model that can be used to predict sales on
the basis of the three media budgets.
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Dataset

� The Advertising data set:
� consists of the sales of that product in 200 different markets
� along with advertising budgets for the product in each of those markets for

three different media: TV, radio, and newspaper.

� In this example, the advertising budgets are input variables while sales is an
output variable.
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Variables

� Input variable
� typically denoted using the symbol X, with a subscript to distinguish them.
� X1 might be the TV budget, X2 the radio budget, and X3 the newspaper

budget.
� The inputs go by different names, such as predictors, independent variables,

features, or sometimes just variables.

� Output variable
� in this case, sales
� often called the response or dependent variable, and is typically denoted using

the symbol Y .
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Statistical Model

0 50 100 200 300

5
1

0
1

5
2

0
2

5

TV

S
a

le
s

0 10 20 30 40 50

5
1

0
1

5
2

0
2

5

Radio

S
a

le
s

0 20 40 60 80 100

5
1

0
1

5
2

0
2

5

Newspaper

S
a

le
s

Figure: Advertising data

� Shown are Sales vs. TV,
Radio, and Newspaper,
with a blue
linear-regression line fit
separately to each.

� Can we predict Sales
using these three?

� Perhaps, we can do better using a model

sales ≈ f(TV,Radio,Newspaper)
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Statistical Model

� More generally, suppose that we observe a quantitative response Y and p
different predictors, X1, X2, . . . , Xp.

� We assume that there is some relationship between Y and
X = (X1, X2, . . . , Xp) , which can be written in the very general form

Y = f(X) + ε

where ε captures measurement errors and other discrepancies, which is
independent of X and has mean zero.

� In this formulation, f represents the systematic information that X provides
about Y .
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Relationship between variables
� Income data set: Single input variable

� Left-hand Figure, a plot of income versus years of education for 30 individuals.
� The plot suggests that one might be able to predict income using years of

education. 2.1 What Is Statistical Learning? 17
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FIGURE 2.2. The Income data set. Left: The red dots are the observed values
of income (in tens of thousands of dollars) and years of education for 30 indi-
viduals. Right: The blue curve represents the true underlying relationship between
income and years of education, which is generally unknown (but is known in
this case because the data were simulated). The black lines represent the error
associated with each observation. Note that some errors are positive (if an ob-
servation lies above the blue curve) and some are negative (if an observation lies
below the curve). Overall, these errors have approximately mean zero.

In essence, statistical learning refers to a set of approaches for estimating
f . In this chapter we outline some of the key theoretical concepts that arise
in estimating f , as well as tools for evaluating the estimates obtained.

2.1.1 Why Estimate f?

There are two main reasons that we may wish to estimate f : prediction
and inference. We discuss each in turn.

Prediction

In many situations, a set of inputs X are readily available, but the output
Y cannot be easily obtained. In this setting, since the error term averages
to zero, we can predict Y using

Ŷ = f̂(X), (2.2)

where f̂ represents our estimate for f , and Ŷ represents the resulting pre-
diction for Y . In this setting, f̂ is often treated as a black box, in the sense
that one is not typically concerned with the exact form of f̂ , provided that
it yields accurate predictions for Y .

Figure: Income data set
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Y cannot be easily obtained. In this setting, since the error term averages
to zero, we can predict Y using

Ŷ = f̂(X), (2.2)

where f̂ represents our estimate for f , and Ŷ represents the resulting pre-
diction for Y . In this setting, f̂ is often treated as a black box, in the sense
that one is not typically concerned with the exact form of f̂ , provided that
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Figure: Income data set

� However, the function f that
connects the input variable to the
output variable is in general
unknown.

� One must estimate f based on the
observed points.

� The vertical lines represent the error
terms ε.
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Model Estimation, f

� In general, the function f may involve
more than one input variable.

� We plot income as a function of years of
education and seniority.

� Here f is a two-dimensional surface that
must be estimated based on the observed
data.

� In essence, statistical learning refers to a
set of approaches for estimating f .
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Figure: Income data set
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f (X) is good for?

� With a good f , we can make predictions of Y at new points X = x

� We can understand which components of X = (X1, X2, . . . , Xp) are
important in explaining Y, and which are irrelevant. e.g. Seniority and Years of
Education have a big impact on Income, but Marital Status typically does not.

� Depending on the complexity of f , we may be able to understand how each
component Xj of X affects Y .
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Why Estimate f?
� There are two main reasons that we may wish to estimate f :

� prediction
� inference

� Prediction: In many situations, a set of inputs X are readily available, but the
output Y cannot be easily obtained. In this setting, since the error term
averages to zero, we can predict Y using

Ŷ = f̂(X)

where f̂ represents our estimate for f , and Ŷ represents the resulting
prediction for Y .

� In this setting, f̂ is often treated as a black box, in the sense that one is not
typically concerned with the exact form of f̂ , provided that it yields accurate
predictions for Y .
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Why Estimate f?
� As an example, suppose that X1, . . . , Xp are characteristics of a patient’s

blood sample that can be easily measured in a lab, and Y is a variable
encoding the patient’s risk for a severe adverse reaction to a particular drug.

� It is natural to seek to predict Y using X to avoid giving the drug in question
to patients.

� The accuracy of Ŷ as a prediction for Y depends on two quantities, which we
will call the reducible error and the irreducible error.

� In general, f̂ will not be a perfect estimate for f , and this inaccuracy will
introduce some error.

� This error is reducible because we can potentially improve the accuracy of f̂
by using the most appropriate statistical learning technique to estimate f .

� Y is also a function of ε so no matter how well we estimate f , we cannot
reduce the error introduced by ε known as irreducible error.
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Why Estimate f?

� Consider a given estimate f̂ and a set of predictors X, which yields the
prediction Ŷ = f̂(X). Then

E(Y − Ŷ )2 = E[f(X) + ε− f̂(X)]2

= [f(X)− f̂(X)]2︸ ︷︷ ︸
Reducible

+ Var(ε)︸ ︷︷ ︸
Irreducible

,

where E(Y − Ŷ )2 represents the average, or expected value, of the squared
difference between the predicted and actual value of Y, and Var(ε) represents
the variance associated with the error term ε.

� The aim of this course is on techniques for estimating f with the aim of
minimizing the reducible error.
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Why Estimate f?
� We are often interested in understanding the way that Y is affected as
X1, . . . , Xp change.

� In this situation we wish to estimate f , but our goal is not necessarily to make
predictions for Y .

� We instead want to understand the relationship between X and Y , or more
specifically, to understand how Y changes as a function of X1, . . . , Xp.

� Now, f̂ cannot be treated as a black box, because we need to know its exact
form. In this setting, one may be interested in answering the following
questions:
� Which predictors are associated with the response?
� What is the relationship between the response and each predictor?
� Can the relationship between Y and each predictor be adequately summarized

using a linear equation, or is the relationship more complicated?
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Why Estimate f?

� In contrast, consider the Advertising data. One may be interested in answering
questions such as:
� Which media contribute to sales?
� Which media generate the biggest boost in sales? or
� How much increase in sales is associated with a given increase in TV

advertising?

� Finally, some modeling could be conducted both for prediction and inference.
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Simple approaches for prediction

� Two Simple Approaches to Prediction:
� Least Squares: the linear model makes huge assumptions about structure and

yields stable but possibly inaccurate predictions.
� Nearest Neighbors: the method of k-nearest neighbors makes very mild

structural assumptions. its predictions are often accurate but can be unstable.
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Linear Models and Least Squares
� Given a vector of inputs XT = (X1, X2, . . . , Xp) , we predict the output Y via

the model

Ŷ = β̂0 +

p∑

j=1

Xjβ̂j

The term β̂0 is the intercept, also known as the bias in machine learning.
� Often it is convenient to include the constant variable 1 in X, include β̂0 in

the vector of coefficients β̂, and then write the linear model in vector form as
an inner product

Ŷ = XT β̂

� Viewed as a function over the p-dimensional input space, f(X) = XTβ is
linear, and the gradient f ′(X) = β is a vector in input space that points in the
steepest uphill direction.
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How do fit the linear model?

� How do we fit the linear model to a set of training data? There are many
different methods, but by far the most popular is the method of least squares.

� In this approach, we pick the coefficients β to minimize the residual sum of
squares

RSS(β) =
N∑

i=1

(
yi − xTi β

)2

RSS(β) is a quadratic function of the parameters, and hence its minimum
always exists, but may not be unique.
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How do fit the linear model?

� The solution is easiest to characterize in matrix notation. We can write

RSS(β) = (y −Xβ)T (y −Xβ)

where X is an N × p matrix with each row an input vector, and y is an
N -vector of the outputs in the training set.

� Differentiating w.r.t. β we get the normal equations

XT (y −Xβ) = 0

� If XTX is nonsingular, then the unique solution is given by

β̂ =
(
XTX

)−1
XTy
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How do fit the linear model?

� The fitted value at the ith input xi is

ŷi = ŷ (xi) = xTi β̂.

� At an arbitrary input x0 the prediction is

ŷ (x0) = xT0 β̂.

� The entire fitted surface is characterized by the (p+ 1) parameters β̂.
Intuitively, it seems that we do not need a very large data set to fit such a
model.
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Example
2.3 Least Squares and Nearest Neighbors 13

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two dimensions. The classes are coded
as a binary variable (BLUE = 0, ORANGE = 1), and then fit by linear regression.
The line is the decision boundary defined by xT β̂ = 0.5. The orange shaded region
denotes that part of input space classified as ORANGE, while the blue region is
classified as BLUE.

The set of points in IR2 classified as ORANGE corresponds to {x : xT β̂ > 0.5},
indicated in Figure 2.1, and the two predicted classes are separated by the
decision boundary {x : xT β̂ = 0.5}, which is linear in this case. We see
that for these data there are several misclassifications on both sides of the
decision boundary. Perhaps our linear model is too rigid— or are such errors
unavoidable? Remember that these are errors on the training data itself,
and we have not said where the constructed data came from. Consider the
two possible scenarios:

Scenario 1: The training data in each class were generated from bivariate
Gaussian distributions with uncorrelated components and different
means.

Scenario 2: The training data in each class came from a mixture of 10 low-
variance Gaussian distributions, with individual means themselves
distributed as Gaussian.

A mixture of Gaussians is best described in terms of the generative
model. One first generates a discrete variable that determines which of

Figure: A classification example in two
dimensions. The classes are coded as a
binary variable (BLUE = 0, ORANGE
= 1), and then fit by linear regression.
The line is the decision boundary
defined by xT β̂ = 0.5. The orange
shaded region denotes that part of input
space classified as ORANGE, while the
blue region is classified as BLUE.

� This is an example of the linear model in a
classification context.

� The fitted values Ŷ are converted to a fitted class
variable Ĝ according to the rule

Ĝ =

{
ORANGE if Ŷ > 0.5

BLUE if Ŷ ≤ 0.5

� The set of points in R2 classified as ORANGE
corresponds to {x : xT β̂ > 0.5}, and the two predicted
classes are separated by the decision boundary
{x : xT β̂ = 0.5}, which is linear in this case.

28/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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Example

� Perhaps our linear model is too rigid − or are such errors unavoidable?
Remember that these are errors on the training data itself, and we have not
said where the constructed data came from. Consider the two possible
scenarios:
� Scenario 1: The training data in each class were generated from bivariate

Gaussian distributions with uncorrelated components and different means.
� Scenario 2: The training data in each class came from a mixture of 10 low

variance Gaussian distributions, with individual means themselves distributed as
Gaussian.

� A linear decision boundary is unlikely to be optimal, and in fact is not. The
optimal decision boundary is nonlinear and disjoint, and as such will be much
more difficult to obtain.

29/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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Nearest-Neighbor Methods

� Nearest-neighbor methods use those observations in the training set T closest
in input space to x to form Ŷ . Specifically, the k-nearest neighbor fit for Ŷ is
defined as follows:

Ŷ (x) =
1

k

∑

xi∈Nk(x)

yi

where Nk(x) is the neighborhood of x defined by the k closest points xi in the
training sample.

� Closeness implies a metric, which for the moment we assume is Euclidean
distance.

� So, in words, we find the k observations with xi closest to x in input space,
and average their responses.

30/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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Example
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.

Figure: The same classification example in two
dimensions. The classes are coded as a binary variable
(BLUE = 0, ORANGE = 1) and then fit by
15-nearest-neighbor averaging. The predicted class is
hence chosen by majority vote amongst the 15-nearest
neighbors.

� We use the same training data as in
previous example.

� Use 15-nearest-neighbor averaging of the
binary coded response as the method of
fitting.

� We see that the decision boundaries that
separate the BLUE from the ORANGE
regions are far more irregular, and respond
to local clusters where one class dominates.
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Example
16 2. Overview of Supervised Learning

1−Nearest Neighbor Classifier
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and

Figure: The same classification example in two
dimensions. The classes are coded as a binary
variable (BLUE = 0, ORANGE = 1) and then
fit by 15-nearest-neighbor averaging as in (2.8).
The predicted class is hence chosen by majority
vote amongst the 15-nearest neighbors.

� Ŷ is assigned the value y` of the closest point x`
to x in the training data.

� In this case the regions of classification can be
computed relatively easily, and correspond to a
Voronoi tessellation of the training data.

� Each point xi has an associated tile bounding
the region for which it is the closest input point.

� For all points x in the tile, Ĝ(x) = gi. The
decision boundary is even more irregular than
before.

32/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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A comparison between Least Square and k-NN

� It appears that k-nearest-neighbor fits have a single parameter, the number of
neighbors k, compared to the p parameters in least-squares fits.

� Although this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k.

� To get an idea of why, note that if the neighborhoods were non-overlapping,
there would be N/k neighborhoods and we would fit one parameter (a mean)
in each neighborhood.

� It is also clear that we cannot use sum-of-squared errors on the training set as
a criterion for picking k.

33/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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A comparison between Least Square and k-NN
� The linear decision boundary from least squares is very smooth, and

apparently stable to fit.
� It does appear to rely heavily on the assumption that a linear decision

boundary is appropriate.
� On the other hand, the k-nearest-neighbor procedures do not appear to rely

on any stringent assumptions about the underlying data, and can adapt to any
situation.

� However, any particular subregion of the decision boundary depends on a
handful of input points and their particular positions, and is thus wiggly and
unstable—high variance and low bias.

� Each method has its own situations for which it works best; in particular linear
regression is more appropriate for Scenario 1 above, while nearest neighbors
are more suitable for Scenario 2.

34/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)
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A comparison between Least Square and k-NN
2.3 Least Squares and Nearest Neighbors 17
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FIGURE 2.4. Misclassification curves for the simulation example used in Fig-
ures 2.1, 2.2 and 2.3. A single training sample of size 200 was used, and a test
sample of size 10, 000. The orange curves are test and the blue are training er-
ror for k-nearest-neighbor classification. The results for linear regression are the
bigger orange and blue squares at three degrees of freedom. The purple line is the
optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

Figure: Misclassification curves for the simulation example used in earlier Figures. A single training sample of
size 200 was used, and a test sample of size 10,000. The orange curves are test and the blue are training error
for k-nearest-neighbor classification. The results for linear regression are the bigger orange and blue squares at
three degrees of freedom. The purple line is the optimal Bayes error rate.
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Assessing model accuracy
� There is no free lunch in statistics: no one method dominates all others over

all possible data sets.
� Hence it is an important task to decide for any given set of data which

method produces the best results.
� Evaluating models is one of the best solutions

� Regression problem: measuring the quality of fit

MSE =
1

n

n∑

i=1

(
yi − f̂ (xi)

)2

where f̂(xi) is the prediction that f̂ gives for the ith observation.
� Classification problem

Ave
(
y0 − f̂ (x0)

)2

the average squared prediction error for the test observations (x0, y0).
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FIGURE 2.9. Left: Data simulated from f , shown in black. Three estimates of
f are shown: the linear regression line (orange curve), and two smoothing spline
fits (blue and green curves). Right: Training MSE (grey curve), test MSE (red
curve), and minimum possible test MSE over all methods (dashed line). Squares
represent the training and test MSEs for the three fits shown in the left-hand
panel.

smallest. But what if no test observations are available? In that case, one
might imagine simply selecting a statistical learning method that minimizes
the training MSE (2.5). This seems like it might be a sensible approach,
since the training MSE and the test MSE appear to be closely related.
Unfortunately, there is a fundamental problem with this strategy: there
is no guarantee that the method with the lowest training MSE will also
have the lowest test MSE. Roughly speaking, the problem is that many
statistical methods specifically estimate coefficients so as to minimize the
training set MSE. For these methods, the training set MSE can be quite
small, but the test MSE is often much larger.
Figure 2.9 illustrates this phenomenon on a simple example. In the left-

hand panel of Figure 2.9, we have generated observations from (2.1) with
the true f given by the black curve. The orange, blue and green curves illus-
trate three possible estimates for f obtained using methods with increasing
levels of flexibility. The orange line is the linear regression fit, which is rela-
tively inflexible. The blue and green curves were produced using smoothing
splines, discussed in Chapter 7, with different levels of smoothness. It is

smoothing
splineclear that as the level of flexibility increases, the curves fit the observed

data more closely. The green curve is the most flexible and matches the
data very well; however, we observe that it fits the true f (shown in black)
poorly because it is too wiggly. By adjusting the level of flexibility of the
smoothing spline fit, we can produce many different fits to this data.

Figure: Left: Data simulated from f , shown in black. Three estimates of f are shown: the linear regression line
(orange curve), and two smoothing spline fits (blue and green curves). Right: Training MSE (grey curve), test
MSE (red curve), and minimum possible test MSE over all methods (dashed line). Squares represent the training
and test MSEs for the three fits shown in the left-hand panel.
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FIGURE 2.10. Details are as in Figure 2.9, using a different true f that is
much closer to linear. In this setting, linear regression provides a very good fit to
the data.

Figure 2.10 provides another example in which the true f is approxi-
mately linear. Again we observe that the training MSE decreases mono-
tonically as the model flexibility increases, and that there is a U-shape in
the test MSE. However, because the truth is close to linear, the test MSE
only decreases slightly before increasing again, so that the orange least
squares fit is substantially better than the highly flexible green curve. Fi-
nally, Figure 2.11 displays an example in which f is highly non-linear. The
training and test MSE curves still exhibit the same general patterns, but
now there is a rapid decrease in both curves before the test MSE starts to
increase slowly.
In practice, one can usually compute the training MSE with relative

ease, but estimating test MSE is considerably more difficult because usually
no test data are available. As the previous three examples illustrate, the
flexibility level corresponding to the model with the minimal test MSE can
vary considerably among data sets. Throughout this book, we discuss a
variety of approaches that can be used in practice to estimate this minimum
point. One important method is cross-validation (Chapter 5), which is a cross-

validationmethod for estimating test MSE using the training data.

2.2.2 The Bias-Variance Trade-Off

The U-shape observed in the test MSE curves (Figures 2.9–2.11) turns out
to be the result of two competing properties of statistical learning methods.
Though the mathematical proof is beyond the scope of this book, it is
possible to show that the expected test MSE, for a given value x0, can

Figure: Left: Data simulated from f , shown in black. Three estimates of f are shown: the linear regression line
(orange curve), and two smoothing spline fits (blue and green curves). Right: Training MSE (grey curve), test
MSE (red curve), and minimum possible test MSE over all methods (dashed line). Squares represent the training
and test MSEs for the three fits shown in the left-hand panel.
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FIGURE 2.11. Details are as in Figure 2.9, using a different f that is far from
linear. In this setting, linear regression provides a very poor fit to the data.

always be decomposed into the sum of three fundamental quantities: the
variance of f̂(x0), the squared bias of f̂(x0) and the variance of the error

variance

biasterms ǫ. That is,

E
(
y0 − f̂(x0)

)2
= Var(f̂(x0)) + [Bias(f̂(x0))]

2 +Var(ǫ). (2.7)

Here the notationE
(
y0 − f̂(x0)

)2
defines the expected test MSE, and refers

expected
test MSEto the average test MSE that we would obtain if we repeatedly estimated

f using a large number of training sets, and tested each at x0. The overall

expected test MSE can be computed by averaging E
(
y0 − f̂(x0)

)2
over all

possible values of x0 in the test set.
Equation 2.7 tells us that in order to minimize the expected test error,

we need to select a statistical learning method that simultaneously achieves
low variance and low bias. Note that variance is inherently a nonnegative
quantity, and squared bias is also nonnegative. Hence, we see that the
expected test MSE can never lie below Var(ǫ), the irreducible error from
(2.3).
What do we mean by the variance and bias of a statistical learning

method? Variance refers to the amount by which f̂ would change if we
estimated it using a different training data set. Since the training data
are used to fit the statistical learning method, different training data sets
will result in a different f̂ . But ideally the estimate for f should not vary
too much between training sets. However, if a method has high variance
then small changes in the training data can result in large changes in f̂ . In
general, more flexible statistical methods have higher variance. Consider the

Figure: Left: Data simulated from f , shown in black. Three estimates of f are shown: the linear regression line
(orange curve), and two smoothing spline fits (blue and green curves). Right: Training MSE (grey curve), test
MSE (red curve), and minimum possible test MSE over all methods (dashed line). Squares represent the training
and test MSEs for the three fits shown in the left-hand panel.
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The Bias-Variance Trade-Off
� The U-shape observed in the test MSE curves turns out to be the result of

two competing properties of statistical learning methods.
� Suppose the data arise from a model Y = f(X) + ε, with E(ε) = 0 and
Var(ε) = σ2.

� For simplicity, here, we assume that the values of xi in the sample are fixed in
advance (nonrandom). The expected prediction error at x0, also known as test
or generalization error, can be decomposed:

EPEk (x0) = E

[(
Y − f̂k (x0)

)2
| X = x0

]

= σ2 +
[
Bias2

(
f̂k (x0)

)
+VarT

(
f̂k (x0)

)]

= σ2 +

[
f (x0)−

1

k

k∑

`=1

f
(
x(`)
)
]2

+
σ2

k
.
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The Bias-Variance Trade-Off
� There are three terms in this expression.

� The first term σ2 is the irreducible error – the variance of the new test
target—and is beyond our control, even if we know the true f(x0).

� The second and third terms are under our control, and make up the mean
squared error of f̂k(x0) in estimating f(x0), which is broken down into a bias
component and a variance component.

� The bias term is the squared difference between the true mean f (x0) and the

expected value of the estimate-
[
f (x0)− ET

(
f̂k (x0)

)]2
-where the

expectation averages the randomness in the training data.
� This term will most likely increase with k, if the true function is reasonably

smooth.
� For small k the few closest neighbors will have values f

(
x(`)
)

close to f (x0) ,
so their average should be close to f(x0).
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The Bias-Variance Trade-Off
� The variance term is simply the variance of an average here, and decreases as

the inverse of k. So as k varies, there is a bias–variance tradeoff.
� What do we mean by the variance and bias of a statistical learning method?

� Variance refers to the amount by which f̂ would change if we estimated it using
a different training data set.

� Since the training data are used to fit the statistical learning method, different
training data sets will result in a different f̂ .

� But ideally the estimate for f should not vary too much between training sets.
� However, if a method has high variance then small changes in the training data

can result in large changes in f̂ .
� In general, more flexible statistical methods have higher variance.

� Bias refers to the error that is introduced by approximating a real-life problem,
which may be extremely complicated, by a much simpler model.

42/47 Dr. Kundan Kumar Foundation of Machine Learning (CSE4032)



Introduction Statistical Learning Estimate f Least Square Method Nearest-Neighbor Method Model accuracy References

The Bias-Variance Trade-Off

� Good test set performance of a statistical learning method requires low
variance as well as low squared bias.

� This is referred to as a trade-off because it is easy to obtain a method with
extremely low bias but high variance (for instance, by drawing a curve that
passes through every single training observation) or a method with very low
variance but high bias (by fitting a horizontal line to the data).

� In a real-life situation in which f is unobserved, it is generally not possible to
explicitly compute the test MSE, bias, or variance for a statistical learning
method.

� Nevertheless, one should always keep the bias-variance trade-off in mind.
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FIGURE 2.11. Test and training error as a function of model complexity.

be close to f(x0). As k grows, the neighbors are further away, and then
anything can happen.
The variance term is simply the variance of an average here, and de-

creases as the inverse of k. So as k varies, there is a bias–variance tradeoff.
More generally, as the model complexity of our procedure is increased, the

variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.
Typically we would like to choose our model complexity to trade bias

off with variance in such a way as to minimize the test error. An obvious
estimate of test error is the training error 1

N

∑
i(yi − ŷi)2. Unfortunately

training error is not a good estimate of test error, as it does not properly
account for model complexity.
Figure 2.11 shows the typical behavior of the test and training error, as

model complexity is varied. The training error tends to decrease whenever
we increase the model complexity, that is, whenever we fit the data harder.
However with too much fitting, the model adapts itself too closely to the
training data, and will not generalize well (i.e., have large test error). In

that case the predictions f̂(x0) will have large variance, as reflected in the
last term of expression (2.46). In contrast, if the model is not complex
enough, it will underfit and may have large bias, again resulting in poor
generalization. In Chapter 7 we discuss methods for estimating the test
error of a prediction method, and hence estimating the optimal amount of
model complexity for a given prediction method and training set.

Figure: Test and training error as a function of model complexity.
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The Bias-Variance Trade-Off
� More generally, as the model complexity of our procedure is increased, the

variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.

� Typically we would like to choose our model complexity to trade bias off with
variance in such a way as to minimize the test error.

� The training error tends to decrease whenever we increase the model
complexity, that is, whenever we fit the data harder. However with too much
fitting, the model adapts itself too closely to the training data, and will not
generalize well (i.e., have large test error). In that case the predictions f̂(x0)
will have large variance.

� In contrast, if the model is not complex enough, it will underfit and may have
large bias, again resulting in poor generalization.
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